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$a^{N-1}\equiv 1mod N$ (1)
2(Euler )
$N$ $GCD(a, N)=1$
$a^{\frac{N-1}{2}} \equiv(\frac{a}{N})mod N$ (2)
$( \frac{a}{N})$
3 (Miller)
$N$ $GCD(a, N)=1,$ $N-1=2^{s}d,$ $GCD(d, 2)=1$
$a^{d}\equiv lmod N$ $a^{2^{k}}\equiv-1mod N(0\leq\exists k\leq s-1)$ (3)
(1), (2), (3)
$N$ (1) ( (2), (3)) $N$
$N$ (1) ( (2), (3)) $N$
341 $a=2$ (1) $341=11\cross 31$
$a$ ( 2) (pseudo prime with
a base $a$ ), $psp(a)$ $217=7\cross 31$ $psp(5)$ Euler
(2) $a$ Euler (Euler pseudo prime with a
base $a$ , epsp$(a))$ 3 (3) $a$
(strong pseudo prime wit a base $a$ , sPsP$(a)$ ) $\circ$ $1105=13\cross 17$
epsp(2) $2047=23\cross 89$ spsp(2)
$N$ $a$ $GCD(a, N)=1,$ $(1\leq a\leq N)$ $a$
(1), (2), (3) $N$
$N$ $1\leq a\leq N(GCD(a, N)=1)$ $a$
(1) $GCD(a, N)=1,1\leq a\leq N,$ $GCD(a, N)=1$ $a$
$a^{N-1}\equiv 1mod N$ $N$











$GCD(a, N)=1(1\leq a\leq N)$ $a$ $N$ (3) $N$
$N$ $GCD(a, N)=1$ $N$ $N$
$a$ Euler ( ) (2)(
(3)) $a$ $N$ (2) ( (3))
Solovay-Strassen ((3) Miller-Rabin )
$N$ $a$ $N$ . $a$ Euler
( ) $N$ $a$ 7
7 $[18, 19_{e}]_{:}$.
$N=\Pi_{i=1}^{r}p_{i}$ $N$ $v_{2}(a)$ a=2v2(a)a’(a’ )
$\nu_{0}=v_{2}(N-1),$ $\nu_{i}=v_{2}(p_{i}-1)(1\leq i\leq r),$ $\nu=\min_{1\leq i\leq r}\nu_{i},$ $N-1=2^{\nu_{0}}N’$ ,
$p_{i}-1=2^{\nu;}p_{i}’$
1. $Lss(N)= \{a\in(Z/NZ)^{*}|a^{\frac{N-1}{2}}\equiv(\frac{a}{N})mod N\}$
$\neq L_{SS}(N)=\delta_{N}\prod_{1\leq i\leq r}(\frac{N-1}{2},p_{i}-1)$
$\delta_{N}=\{\begin{array}{l}2\nu=\nu_{0}1/2\nu_{i}<\nu_{0}(\text{ }i\text{ })1k\emptyset ffi\end{array}$
2. $L_{MR}(N)=$
{ $a\in(Z/NZ)^{*}|a^{N’}\equiv 1mod N$ , $k(1\leq k<\nu_{0})$ $a^{2^{k}N’}\equiv-1mod N$ }




$\frac{\# L_{SS}}{\varphi(N)}\leq\frac{1}{2’}$ $\frac{\# L_{MR}}{\varphi(N)}\leq\frac{1}{4}$
( $\varphi$ Euler )
$B$
$N$ $A_{N}=\{m:0\dot{(}id|m\leq N\}$
$\lim_{Narrow\infty}\frac{1}{\neq A_{N}}\sum_{m\in A_{N}}\frac{\# L_{MR}(m)}{\neq L_{SS}(m)}=\frac{1}{2}$
1. $N$ $N$ $a$ random $N$ epsp$(a)$
$\frac{1}{2}$
2. $N$ $N$ $a$ random $N$ spsp$(a)$
$\frac{3}{4}$
3. Miller-Rabin Solvay-Strassen o
$N$ $a$ 2, 3, 5, $\ldots$ $N$
$N$ epsp$(a)(spsp(a))$
$c$ $z_{+}\cross Z_{\dagger}$ { } $\mathcal{F}$
1. $n$
$a$ .
$\mathcal{F}(n, r)$ =” ” ” ” for all $r$
$b$ .
$\frac{\#\{r|\log r\leq\log^{c}n,\mathcal{F}(n,r)=\text{ }R\text{ }\}}{\#\{r|\log r\leq\log^{c}n\}}\geq\frac{1}{2}$
( $\frac{1}{2}$ Miller-Rabin $\frac{3}{4}$ )
$\mathcal{F}(N, r)$ $N$ $r$ (Solovay-Strassen test $a$
) $N$ ‘\mbox{\boldmath $\zeta$} ’’ $N$
$r$ $r$ “ ” $N$ $\frac{1}{2}$




$N$ $a(1\leq a\leq n, (N, a)=1))$ $N$ (2) $((3))$
$N$ $a(1\leq a\leq N, (N, a)=1)$ $N$ (2) $((3))$ o
$N$ $1\leq a\leq$ $N(N, a)=1$ $a$ Solovay-Strassen
( Miller-Rabin ) $a$ $\varphi(N)$
$N$ (epsp$(a),$ $spsp(a)$ )
$a$ $N$ $N$ epsp$(a)$
$a$ $L_{SS}(N)$
$G_{N}=(Z/NZ)^{*}/L_{SS}(N)$ $N$ 7 A $G_{N}$
$\{e\}$ Dirichlet $\chi$ $\chi(a)\neq 1$
$a\in G_{N}$ $N$ epsp$(a)$ $a$
Riemann
Riemann
$\chi$ Dirichlet L- $L(s, \chi)$ ${\rm Res}> \frac{1}{2}$
trivial $N$ Dirichlet $\chi$ $a\in Z,$ $a=O(\log^{2}N)$
( $a<2\log^{2}N$) $\chi(a)\neq 1$
[3]
$G_{N}$ trivial $\chi$ $N$ $a<$






$N$ suare free $p|N$ $p$ $p\equiv 1mod4$
$p,$ $q|N$ $p(\neq)q$ $pq\equiv 1mod4$ $mod 4$ 1




[22] $N(<2\cross 10^{12})$ $a<2\log N$ log log $N$








$(xmodp, ymodp)$ $\mathcal{O}$ $+$
2 $P_{1}=(x_{1}, y_{1}),$ $P_{2}=(X_{2,y_{2}})$ $P_{3}=P_{1}+P_{2}$ $(x_{3}, y_{3})$
$x_{1}\not\equiv x_{2}$ :
$\lambda\equiv(y_{2}-y_{1})(x_{2}-x_{1})^{-1}$








$mod p$ $(x_{2}-x_{1})^{-1},$ $(2y_{1})^{-1}$ $(x_{2}-x_{1}),$ $(2y_{1})^{-1}$
$\mathcal{O}$ $(x, y)$ 1







$N$ $a$ , b( $(N,4a^{3}+27b^{2})=1$ ) $\mathcal{O}\neq M\in E_{N}(a, b)$ $q>N^{\frac{1}{2}}+$
$1+2N^{\frac{1}{4}}$ $qM=\mathcal{O}$ $N$
64
$N$ $p<\sqrt{N}$ $p$ $N$ $qM=\mathcal{O}$
modulo $p$ $qM_{p}=\mathcal{O}_{p}$ $M_{p}$ $E_{p}$ $m_{p}$ $q$
Hasse
$m_{p}\leq\neq E_{p}\leq p+1+2\sqrt{p}\leq N^{\frac{1}{2}}+1+2N^{\frac{1}{4}}<q$
$q$ $m_{p}=1$ $M\neq \mathcal{O}$
Goldwasser-Kilian[7] $\# E_{N}=2q$ ( $q$ $N^{\frac{1}{2}}+1+N^{\frac{1}{4}}$ )
$N$
(1) $a,$ $b$ rondom
(2)Schoof[20] $m=\# E_{N}$
(3) $m=2\cross q(q>N^{\frac{1}{2}}+1+N^{\frac{1}{4}})$ (1)
(4) $E_{N}$ $M$ $qM=\mathcal{O}$




$N$ $S$ $[N+1-\sqrt{N}, N+1+\sqrt{N}]$
$\#’\{E_{N}|\neq E_{N}\in S\}\geq c_{1}(\neq S-2)\sqrt{N}/\log N(c_{1}>0)$
$\#’\{(a, x, y)\in(F_{p})^{3}|4a^{3}+27b^{2}\neq 0, \# E_{N}(a, b)\in S(b=y^{2}-x^{3}-ax)\}$




2 $\cross$ q( ) $q$ $(N+1-$
$2\sqrt{N})/2\leq q\leq(N+1+2\sqrt{N})/2$ Lenstra,Jr. 11
$(a, x, y)$ $c\cross$ ( $\#$ ( $S$ )–2)p5/2/log $P$
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$\iota(a, b)=\{\begin{array}{l}1,\#\{[a,b]\text{ }\}\leq(b-a)/(2\lfloor loga\rfloor)0,k\emptyset ffi\end{array}$
$\alpha$ $x$
$\sum_{x\leq a\leq 2x}\iota(a, a+\sqrt{a})\leq x^{5/6}\log^{\alpha}x$
HeathBrown $N$ $2\cross q$
$E_{N}$
$\frac{\#\{E_{N}|\neq E_{N}=2\cross q,q\in S,q\text{ }\}}{\#\{E_{N}\}}\geq c\frac{1}{\log^{k}1N}$





(Cramer HeathBrown ) $N$
” ” $q$
$q$
” ” 2 $q’$
,q’ ... ” ” Cramer
HeathBrown $0$ (Cramer
66








$f\in F_{p}[x]$ 6 $y^{2}=f(x)$
$C=C(f)$
$C(f)$ $J(f)$ $J(f)$ $F_{p^{-}}$ $J(f)_{p},$ $J(f)_{p}$







$C(f)$ $D(f)_{N}$ $M=<a,$ $b>-<a,$ $-b>\in J(f)_{N}(b^{2}=f(a))$
$D(f)_{N}M=O$ $N$
Adleman-Huang algorithm o Goldwasser-Kilian











$a_{0}$ (1)$-(5)$ $a,p,$ $q$
$\frac{1}{\log^{74}p}\leq\ovalbox{\tt\small REJECT}\#\{\begin{array}{llllll} 0< g,h<p,4g^{3}+27h^{2} \not\equiv 0<g,h >\in Z^{2}| \# E_{p}(g,h)_{l}=lq,l\cdot.prime\lfloor\frac{a}{q}\rfloor\leq\leq\lfloor\frac{\alpha}{q}\rfloor+\lfloor\sqrt{\frac{a}{q}}\rfloor \end{array}\} \#\{<g, h>|g, h\in Z, 0<g, h<p\}$
1. $a>a_{0}$
2. $p,$ $q$
3. $a\leq p\leq a+\sqrt{a}$
4. $( \pi(\frac{a}{q}+L_{q}^{a})-\pi(\frac{a}{q}))>\frac{\sqrt{a}}{10q\log q}$
5. $q\leq(2\log a)^{70}$
$p$ ( 1, 3) $q$ ( 5)
$[ \frac{a}{q}, \frac{a}{q}+L_{q}^{a}]$ ( 4) $\# E_{p}(g, h)=lq$( $q$ )
$E_{p}(g, h)$ $1/(\log p)^{74}$
16 4. $q$
17.
i)1 $x$ $q<e^{\sqrt{\log x}}$
$\pi(\frac{x}{q}+\frac{\sqrt{x}}{q})-\pi(\frac{x}{q})>\frac{\sqrt{x}}{10q\log x}$
$x$ full
ii) 3 $n$ $P(n),$ $B(n),$ $C(n)$
$P(n)=\{(n, q_{1}, q_{2}, \ldots, q_{z})|$
$i$ ( $1$ \emptyset z\doteqdot l-i)(K\emptyset l*\leq i‘J(zlLi=\leq \leq --(lo\lfloor igz13on\leq -g)70nz1)/\leq )K
$($
- qg(q1iio1togg$<qgn)\rfloor$$\text{ _{}1}n^{\backslash })_{i+}^{70},$ $\}$
$B(n)=\{(n, q_{1}, q_{2}, \ldots q_{z})\in P(n)|$ $i$
$\lfloor\frac{n}{\prod_{j=1}^{i}q_{j}}\rfloor$ fu $\}$
68













$\#$ { $n\in Z|0\leq n<x,$ $n$ full } $<x^{\frac{5}{6}+\epsilon}$
21.
$0\leq x\in Z$




$n_{0}$ $n>n_{0}$ $n$ ample It $n$ very ample
10.,11.,12. Adelman-Huang
23.( Goldwasser-Kilian )
$0$ $\beta$ $c< \frac{15}{16}$ $Z_{+}^{2}$ {
} $H$
1. $n$ $\gamma\{(n, r)=$ for all $r$
2. $p$







$S=\{(n, f)\in z_{+}\cross(Z/nZ)[x]|\deg f=6\}$
$\alpha$ $Z_{+}^{2}$ $Z$ $\mathcal{G}$
1. $(n, f)\in S$ ( $n$ $f$ )
$a$ .
$\mathcal{G}(n, r)=0$ or $D(f)_{n}$ for all $r\in Z$
$b$ .
$\frac{\#\{r\in Z_{+}|\log r\leq\log^{\alpha}p,\mathcal{G}((n,f),r)=D(f)_{n}\}}{\{r\in Z_{+}|\log r\leq log^{\alpha}p\}}\geq\frac{1}{2}$
2. $(n, f)$ ( $f$ )
$\mathcal{G}((n, f),$ $r$ ) $=0$ for all $r\in Z$









$c$ $Z_{+}^{2}$ { } $\mathcal{F}$
70
1. $n$ $\mathcal{F}(n, r)=$ for all $r\in Z$ $(0\leq r)$
2. $P$




$t$ $g\in Z[x]$ $Z_{+}^{2}$ { }
$\mathcal{F}$
1. $n$
$\mathcal{F}(n, r)=$ for all $r$
2. $p$
$\frac{\#\{r|\log r\leq g(\log p),\mathcal{F}(p,r)=\text{ }\}}{\#\{r|1ogr\leq g(\log p)\}}\geq\frac{1}{\log^{t}(p)}$
26 outline ( Adleman-
Huang )
$S(p)=$ { $q\in[\rho^{2}-p^{1.5},p^{2}]|q$ : prime, $N(p,$ $q)>p^{5.5}/\log^{e}p$}
( 25 )




$V(q)=\{(p, q_{1}, q_{2}, q_{3})\in U(p)\}$




$(p, q_{1}, q_{2}, q_{3})\in V(q)$
$q^{1/2}\leq q_{2}\leq q^{1/2}+q^{1/4},$ $q_{2}^{1/2}\leq q_{1}\leq q_{2}^{1/2}+q_{2}^{1/4}$
$q\in\epsilon(p^{8})$ $\# V(q)\leq pp^{2}=p^{3}$ 25 $c_{3}(<7.5)$
$\#\epsilon(p^{8})\leq p^{c_{3}}$ $\#\epsilon(p^{8})\# V(q)<p^{3+c_{3}}(3+c_{3}<10.5)$
$P$ $\# T(p)\geq p^{105}/\log^{c_{4}}p$
$(p, q_{1}, q_{2}, q_{3})\in T(p)$
$K((p, q_{1}, q_{2}, q_{3}))=\{(h_{0}, h_{1}, h_{3})|h_{0}\in F_{p}[x], D(h_{0})=q_{1}, h_{i}\in F_{q;}[x], D(h_{i})=q_{i+1}(i=1,2)\}$
$W(p)=\cup K((p, q_{1},q_{2}, q_{3}))$
15,23
$\neq K((p, q_{1}, q_{2}, q_{3}))>p^{38.5}/\log^{c_{5}}(p)$ $(38.5=10.5+4+8+16)$
$\# W((p, q_{1}, q_{2}, q_{3}))>p^{49}/1og^{c_{5}}(p)$ $(49=10.5+38.5)$
$\mathcal{F}$ 23 $H$
$\mathcal{F}(n, r)=1-\prod_{i=0}^{z}(1-\mathcal{F}’(n, r_{i})))$
$r_{i},$ $z$ $n,$ $r$
$\mathcal{F}’$
$n$ $q_{1}\in S(n),$ $q_{2}\in S(q_{1}),$ $q_{3}\in S(q_{2})$
$\mathcal{F}’(n, r)=\mathcal{H}(q_{3}, r)$ $g(x)=49x+(1+2^{\alpha}+4^{\alpha})x^{\alpha}+8^{\beta}x^{\beta}\in F[x]$
$\#\{r| |r|\leq g(|p|)\}\leq c_{6}p^{49}d$
$\#\{r| |r|\leq g(|p|),\mathcal{F}(p, r)=1\}\geq p^{49}d/\log^{c_{6}}(p)$
( $d=\#\{r|$ $|r|(1+2^{\alpha}+4^{\alpha})p^{\alpha}+8^{\beta}p^{\beta}$ ) 26
algorithm N
(1) $mod N$ random Jacobi
$q_{1}$ ( 24.) $N$
(2) $q_{1}$ $mod q_{1}$ Jacobi
$q_{2}$ $q_{2}$




(4) $q_{3}$ 10. $mod q_{3}$ random
$m_{1}$ $p_{1}$ ( ) $l_{1}$
$ell_{1}$ 10. $mod Ell_{1}$
random $m_{2}$ $p_{2}$ ( ) $P_{2}$
$ell_{i}(1\leq i)$ $N$
(4) $ell_{i}$ lt’ 23. 26.
$q_{3}$
$\epsilon(p^{8})$ ( 23. )
$q_{3}$ ample ample 18. 17. $l_{1}$
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